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Abstract
p-Adic mathematical physics is a branch of modern mathematical physics based on the
application of p-adic mathematical methods in modeling physical and related phenomena.
It emerged in 1987 as a result of efforts to find a non-Archimedean approach to the
spacetime and string dynamics at the Planck scale, but then was extended to many other
areas including biology. This paper contains a brief review of main achievements in some
selected topics of p-adic mathematical physics and its applications, especially in the last
decade. Attention is mainly paid to developments with promising future prospects.
Key words:p-adic numbers, adeles, ultrametrics, p-adic mathematical physics, p-adic
wavelets, complex systems, hierarchy, p-adic string theory, quantum theory, gravity, cosmol-
ogy, stochastic processes, biological systems, proteins, genetic code, cognitive science.
1 Introduction
p-Adic mathematical physics (PAMP) is a branch of modern mathematical physics based
on the application of p-adic mathematical methods in modeling physical phenomena. It is
mainly related to the phenomena: (i) at the very short spacetime scales and (ii) of the very
complex systems with hierarchical structure. PAMP emerged in 1987 as a result of efforts to
find a non-Archimedean approach to the spacetime and string dynamics at the Planck scale,
see paper [320], review [53] and book [308]. PAMP is not constrained only to the physical
systems but includes also related topics in mathematics and sciences, in particular in biology.
There are many physical and mathematical motivations to investigate p-adic mathemat-
ical physics. Below are some primary motivations.
• There is well-known generic quantum gravity restriction to measure distances at and
beyond the Planck scale, because of the relation
∆x ≥ ℓP =
√
~G
c3
∼ 10−33cm , (1.1)
1
where ∆x is the uncertainty measuring a distance x and ℓP is the Planck length. This
is a situation when the uncertainty (error) is not smaller than the value of measuring
quantity. In fact, this means a breakdown of the Archimedean axiom and application of
real numbers at the Planck scale. Namely, relation (1.1) is derived under the assumption
that the whole spacetime in quantum theory and gravity can be described using only real
numbers and Archimedean geometry. However, to have better insight into spacetime
structure at the Planck scale it is rather natural to use also p-adic numbers and adelic
approach.
• All experimental and observational numerical data are rational numbers. Note that the
field of rational numbers Q is dense in the fields of p-adic numbers Qp as well as in the
field of real numbers R. Recall also the local-global (Hasse-Minkowski) principle which
states that, usually, when something is valid on all local fields (R,Qp), it is also valid
on the global field Q. Hence, the simultaneous employment of both real (complex) and
p-adic analysis should lead to better understanding of the mathematical structure of
fundamental physical laws. Moreover, it is natural to suppose that there is number
field invariance principle [321]: Fundamental physical laws should be invariant under
the change of the number fields.
• Some phenomena of the complex systems have hierarchical structure. p-Adic num-
bers inherently have ultrametric hierarchical structure and they seem to be the most
adequate mathematical instrument for investigation of hierarchical systems and phe-
nomena.
• At the first sight one can doubt in application of p-adic numbers in description of
physical and other phenomena, because results of measurements are not p-adic numbers
[70]. However, recall that experimental numerical data are also not real numbers but
rationals that are real and p-adic simultaneously. Moreover, complex numbers (in
particular i =
√−1) also cannot be seen in experiments, but nevertheless quantum
theory is based on complex analysis. There is a part of p-adic analysis related to
mapping Qp → R (C) and it gives a possibility how one can connect p-adic models with
quantum phenomena and hierarchical systems. Note that usually progress in theoretical
physics was related to invention of new concepts and principles, employment of adequate
mathematical methods and formulation of the corresponding theoretical laws.
This paper contains a brief review of mathematical background, developments of some
mathematical methods, applications in physics, biology and some other sciences.
In this review the attention is mainly paid to those topics that have got a considerable
progress in the last decade, or so, and that they seem to be prospective research in the near
future. For a review of the earlier developments of PAMP, we refer readers to [53, 308] and
[69].
In addition to Introduction, this review contains the sections and subsections listed below.
• 2. MATHEMATICAL METHODS. Subsections: 2.1 Mathematical Background; 2.2
Vladimirov Fractional Operator; 2.3 Analysis on General Ultrametric Spaces; 2.4 p-
Adic Wavelets (Multidimensional p-adic metric; Multidimensinal wavelets; Wavelets
with matrix dilations; Relation to spectral theory of pseudodifferential operators; Re-
lation to coherent states); 2.5 Summation of p-Adic Series.
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• 3. APPLICATIONS IN PHYSICS. Subsections: 3.1 p-Adic Strings, Fields and Quan-
tum Theory (p-Adic strings; Quantization of the Riemann zeta-function; Zeta-
function classical field theory; Zeta-function quantum field theory; Quantum L-
functions and Langlands program; Zeta strings; Quantum mechanics); 3.2 Gravity
and Cosmology; 3.3 p-Adic Stochastic Processes; 3.4 Disordered Systems and Spin
Glasses; 3.5 Some Other Applications (Nonlinear equations and cascade models of
turbulence; Non-Newtonian mechanics).
• 4. APPLICATIONS IN BIOLOGY. Subsections: 4.1 Applications to Proteins and
Genomes (Genome organization); 4.2 p-Adic Genetic Code and Bioinformation; 4.3
p-Adic Models of Cognition.
• 5. OTHER APPLICATIONS. Subsections: 5.1 Data Mining; 5.2 Cryptography and
Information Security; 5.3 Applications of p-Adic Analysis to Geology; 5.4 Some other
Investigations.
• 6. CONCLUDING REMARKS.
2 Mathematical Methods
2.1 Mathematical Background
In this subsection we recall some usual basic notions on p-adic numbers, adeles and their
functions.
The field Qp of p-adic numbers (introduced by K. Hensel in 1897) is a completion of the
field Q of rationals with respect to the p-adic norm: for rational number x = pγa/b, where
non-zero integers a and b are not divisible by p, the norm is |x|p = p−γ . p-Adic numbers have
natural expansions in the form of series
x =
∞∑
i=γ
xip
i, xi = 0, . . . , p − 1, {x} =
−1∑
i=γ
xip
i,
where {x} is called the fractional part of x and for x with the above expansion one has
|x|p = p−γ (if xγ 6= 0). Zp = {xp ∈ Qp : |xp|p ≤ 1} is the ring of p-adic integers (unit ball
with respect to the p-adic norm).
Bruhat-Schwartz test functions are locally constant functions with compact support. Any
test function is a finite linear combination of the characteristic functions of balls. Bruhat-
Schwartz generalized functions are linear continuous functionals on the space D(Qp) of test
functions.
Relation of real and p-adic norms is given by the adelic formula of the multiplicative
characters, i.e. in the simple form
|x|∞
∏
p
|x|p = 1, 0 6= x ∈ Q,
where | · |∞ is the real norm (absolute value). Adelic product of the additive characters
connects real and all p-adic fractional parts of the rational numbers, namely
χ∞(x)
∏
p
χp(x) = exp (−2πix)
∏
p
exp (2πi{x}p) = 1, x ∈ Q,
3
where {x}p denotes the fractional part of x.
Another relation between real and p-adic parameters is given by the Monna map ([199]),
subsection 2.4 below. This map and its deformations give p-adic parameters in complex,
disordered and fractal systems, in particular in the Cantor set, spin glasses (parametrization
of the Parisi matrix) and genetic code, see below.
An adele x is an infinite sequence [120, 92]
x = (x∞, x2, x3, ..., xp, ...),
where x∞ ∈ R and xp ∈ Qp with the restriction that for all but a finite set S of primes p one
has xp ∈ Zp. Componentwise addition and multiplication of adeles are standard arithmetical
operations on the ring of adeles A, which can be presented as
A =
⋃
S
A(S), A(S) = R×
∏
p∈S
Qp ×
∏
p 6=S
Zp.
Rational numbers are naturally embedded into the space of adeles A. In complex-valued
adelic analysis, elementary functions are of the form
ϕS(x) = ϕ∞(x∞)
∏
p∈S
ϕp(xp)
∏
p 6=S
Ω(|xp|p),
where ϕ∞(x∞) is an infinitely differentiable function on R such that |x∞|∞ ϕ∞(x∞) → 0
as |x∞|∞ → ∞ for any n = 0, 1, 2, 3, ..., ϕp(xp) are some locally constant functions with
compact support, and
Ω(|xp|p) =
{
1, |xp|p ≤ 1,
0, |xp|p > 1.
p-Adic analysis with applications to mathematical physics and other fields attracted a lot
of attention in the last thirty years. There are many books and reviews which are useful for
mathematical background of p-adic mathematical physics, see e.g. [308, 137, 53, 99, 18, 1,
171, 172, 170, 163, 199, 304, 120].
2.2 Vladimirov Fractional Operator
The Vladimirov operator [309, 308] of p-adic fractional differentiation is defined as
Dαf(x) =
∫
Qp
χ(−kx)|k|αp dkf˜(k)dµ(k), f˜(k) =
∫
Qp
χ(kx)f(x)dµ(x).
Here f(x) is a complex-valued function of p-adic argument x and χ is the additive character:
χ(x) = exp (2πi{x}), where {x} is the fractional part of x, the integration runs with respect
to the Haar measure (with the normalization: measure of the unit ball is equal to one:
µ(Zp) = 1).
For α > 0 the Vladimirov operator has the following integral representation:
Dαf(x) =
1
Γp(−α)
∫
Qp
f(x)− f(y)
|x− y|1+αp
dy,
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with the constant
Γp(−α) = p
α − 1
1− p−1−α .
There is a well-developed theory of the Vladimirov operator and related constructions
(spectral properties, operators on bounded regions, analogs of elliptic and parabolic equations,
a wave-type equation, etc); see subsection 2.4 on wavelets and [308, 163, 164, 169, 334, 15,
338, 339, 340].
A basis of eigenvectors with compact support for the Vladimirov operator was found in
[310] (the same property holds for the wavelet basis, see subsection 2.4, but the basis of [310]
is different). In [178] it was mentioned that ultrametric pseudodifferential equations have
compactly supported solutions and relation to the Anderson localization was discussed in
[118].
In [2] maps φ : Qp → Qp were considered which are automorphisms of the tree of balls in
Qp (i.e. φ is a one to one map and image and inverse image of any ball is a ball). In this
case the norm of the derivative |φ′(x)|p is constant (does not depend on x, if the derivative
exists). If the derivative does not exists, the formula below holds but the constant does not
possess interpretation as derivative. The corresponding map on functions acts as
Φf(x) = f(φ(x)).
The following formula of pseudodifferentiation of a composite function takes place
Dα [Φf ] (x) = |φ′(x)|αpΦ [Dαf ] (x).
There exists also a multidimensional generalization of this formula.
2.3 Analysis on General Ultrametric Spaces
The analysis of wavelets and pseudodifferential operators on general locally compact ultra-
metric spaces was developed by Kozyrev in [173, 140, 174, 171]. A pseudodifferential operator
on ultrametric space X is defined as the integral operator
Df(x) =
∫
X
T (sup(x, y))(f(x) − f(y)) dν(y) ,
where ν is a Borel measure and the following integrability condition for the integration kernel
is satisfied: the kernel should be absolutely integrable at infinity∫
d(x,y)>R
|T (sup(x, y))| dν(y) ,
where R is some positive constant and d(·, ·) is the metric in X.
The sup(x, y) is the minimal ball in X which contains both points x and y, the integration
kernel T is a function on the tree T (X) of balls in X. Thus T (sup(x, y)) is a locally constant
(for x 6= y) function of x, y.
Tree T (X) of balls in (locally compact) ultrametric space X is defined as follows: balls
with nonzero diameter or isolated points are vertices of the tree; edges connect pairs of vertices
of the form (ball, maximal subball). This tree possesses a natural partial order by embedding
of balls.
5
Ultrametric wavelet bases {ΨIj} on X (which contain locally constant compactly sup-
ported mean zero complex valued functions) were introduced and it was found that ultra-
metric wavelets are eigenvectors of ultrametric pseudodifferential operators:
TΨIj = λIΨIj.
Let us note that locally compact ultrametric spaces under consideration are completely gen-
eral and do not possess any group structure.
Here the index I in the wavelet basis {ΨIj} enumerate balls in X with non-zero diameters,
a wavelet function ΨIj is a mean zero linear combination of characteristic functions of maximal
subbals in I. The eigenvalue has the form of a series which should converge absolutely
λI = T (I)ν(I) +
∑
J>I
T (J)ν(S(J, I)).
Here S(J, I) is the set obtained by elimination from ball J the maximal subball containing
ball I (a sphere with center in I corresponding to the ball J).
Analysis on p-adic infinite-dimensional spaces was developed by Kochubei, Kaneko and
Yasuda [165, 163, 327, 166, 131]. Another important class of ultrametric spaces consists of
locally compact fields of positive characteristic, see the book of Kochubei [167] for details.
2.4 p-Adic Wavelets
p-Adic wavelet theory was initiated by Kozyrev [175]. For the review of p-adic wavelets
see [172]. Important contributions in p-adic wavelet theory were done also by Albeverio,
Benedetto, Khrennikov, Shelkovich, Skopina, Evdokimov [41, 42, 6, 7, 143, 144, 222, 145,
15]. Wavelets on locally compact abelian groups (in particular Kantor dyadic group) were
considered in [127, 128, 113], and wavelets on adeles were investigated in [187, 188, 151].
In the p-adic case it is not possible to use for construction of wavelet basis translations
by elements of Z (these elements constitute a dense set in the unit ball). It was proposed to
use instead translations by representatives of elements of the factor group Qp/Zp of the form
n =
−1∑
l=k
nlp
l, nl = 0, . . . , p − 1 k ∈ Z, k < 0. (2.1)
An example of p-adic wavelet was introduced in the form of the product of the additive
character and the characteristic function Ω of the unit ball:
ψ(x) = χ(p−1x)Ω(|x|p), (2.2)
Ω(t) =
{
1, t ∈ [0, 1],
0, t /∈ [0, 1], t ∈ R,
χ(x) = exp (2πi{x}) , {x} =
−1∑
i=γ
xip
i, x =
∞∑
i=γ
xip
i, xi = 0, . . . , p − 1.
The orthonormal basis {ψγnj} of p-adic wavelets in L2(Qp) was constructed [175] by
translations and dilations of ψ:
ψγnj(x) = p
− γ
2χ(pγ−1j(x− p−γn))Ω(|pγx− n|p), (2.3)
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γ ∈ Z, n ∈ Qp/Zp, j = 1, . . . , p− 1.
Relation between real and p-adic wavelets is given by the p-adic change of variable, or the
Monna map [199]
ρ : Qp → R+, ρ :
∞∑
i=γ
xip
i 7→
∞∑
i=γ
xip
−i−1, xi = 0, . . . , p− 1, γ ∈ Z.
This map transforms (for p = 2) the basis {ψγnj} of p-adic wavelets onto the basis of Haar
wavelets on the positive half-line.
In comparison to real wavelets, p-adic wavelets possess some additional useful properties.
The most important are relations to spectral properties of pseudodifferential operators and
to orbits of groups of representations (or theory of coherent states).
Multidimensional p-adic metric. The standard ultrametric in Qdp has the form
d(x, y) = |x− y|p = max(|xl − yl|p), l = 1, . . . , d, (2.4)
x = (x1, . . . , xd), y = (y1, . . . , yd).
A deformed metric depending on weights ql is introduced as
s(x, y) = max(ql|xl − yl|p), l = 1, . . . , d, ql > 0. (2.5)
The corresponding norm on Qdp we denote ‖ · ‖: s(x, y) = ‖x− y‖. More general ultrametric
can be obtained from (2.5) by a non-degenerate linear transformation
r(x, y) = s(Ux,Uy), U ∈ Gl(Qp, d). (2.6)
A dilation with respect to ultrametric r on Qdp is a linear map Q
d
p → Qdp which maps an
arbitrary r-ball centered in zero to a maximal r-subball (with a center in zero) of this ball.
Let us note that for a given metric a dilation does not necessarily exist. For metric (2.4)
dilation is given by multiplication by p.
The below matrix A is a dilation in Qdp with the metric s given by (2.5) with the parameters
satisfying p−1 < q1 < q2 < · · · < qd ≤ 1.
A =

0 1 0 . . . 0
0 0 1 . . . 0
...
...
0 0 . . . 0 1
p 0 . . . 0 0
 =

1 0 . . . 0
0 1 . . . 0
...
...
0 . . . 1 0
0 . . . 0 p


0 1 0 . . . 0
0 0 1 . . . 0
...
...
0 0 . . . 0 1
1 0 . . . 0 0
 . (2.7)
Multidimensional wavelets. The set of functions {ψk;jn} defined by (2.9), (2.10), (2.11)
is an orthonormal basis in L2(Qdp) (multidimensional p-adic wavelet basis [10])
ψk(x) = χ(p
−1k · x)Ω(|x|p), x ∈ Qdp, k · x =
d∑
l=1
klxl, (2.8)
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the norm | · |p is given by (2.4),
ψk;jn(x) = p
− dj
2 ψk(p
jx− n), x ∈ Qdp, j ∈ Z, n ∈ Qdp/Zdp, (2.9)
the index k is given by the set
k = (k1, . . . , kd) , kl = 0, . . . , p− 1, (2.10)
where at least one of kl is non-zero,
n =
(
n(1), . . . , n(d)
)
, n(l) =
−1∑
i=βl
n
(l)
i p
i, n
(l)
i = 0, . . . , p− 1, βl ∈ Z−. (2.11)
Wavelets with matrix dilations. Let us consider the metric s given by (2.5) with the
parameters satisfying p−1 < q1 < q2 < · · · < qd ≤ 1 and the dilation (2.7). A wavelet function
with matrix dilation is given by
Ψk(x) = χ
(
k ·A−1x)Ω(‖x‖), k ∈ Zdp/A∗Zdp\{0}, (2.12)
and the set of representatives k is given by
0
1
0
...
0
0

,

0
0
1
...
0
0

, . . . ,

0
0
0
...
0
1

.
Then the set of functions
Ψk;jn(x) = p
− j
2Ψk(A
jx− n), j ∈ Z, n ∈ Qdp/Qdp (2.13)
is an orthonormal basis in L2(Qdp) (basis of p-adic wavelets with matrix dilations).
This basis was constructed in [11]. p-Adic quincunx basis with matrix dilations was
described in [136].
Relation to spectral theory of pseudodifferential operators. p-Adic wavelets (2.3)
are eigenvectors of the Vladimirov operator:
Dαψγnj = p
α(1−γ)ψγnj .
This property can be generalized to much more general operators [176, 179]; including
the case of general locally compact ultrametric spaces [173, 140, 174]; and multidimensional
p-adic case [146, 10, 11, 13].
Integral operators with more general kernels were considered in [180, 181]. For these
operators wavelets were not eigenvectors, but matrices of operators in wavelet bases have
non-zero matrix elements only for finite number of main diagonals.
Since p-adic wavelets are eigenvectors of integral operators, wavelets were used for the
investigation of integral equations [179, 178, 150, 9, 12, 13, 14, 335, 336, 55, 223, 57, 337, 221].
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Relation to coherent states. The standard approach to the real wavelet is multiresolution
analysis [195, 58]. Multiresolution analysis was also developed for the p-adic case, where
instead of translations by integers the translations by representatives (2.1) were used [6, 7,
143, 144, 222, 146, 147, 148, 149, 8, 217].
In the p-adic case the multiresolution approach was generalized to more powerful con-
struction related to coherent states for group actions [5, 10, 11]. Let us consider a group G
of transformations which acts in Qdp with some metric in the following way. The group maps
a ball onto a ball and acts transitively on the tree of balls (with respect to the considered
metric). The example is the p-adic affine group with transformations
G(a, b)f(x) = |a|−
1
2
p f
(
x− b
a
)
, a, b ∈ Qp, a 6= 0.
The orbit of the wavelet (2.2) with respect to this action gives the set of products of
p-adic wavelets from the basis {ψγnj} and p-roots of one. In general [5], the orbit of generic
complex-valued locally constant mean zero compactly supported function gives a frame of
p-adic wavelets.
In the multidimensional case one can consider different examples of multidimensional
metrics and correspondingly different groups acting on trees of balls. This approach gener-
ates different examples of p-adic wavelet bases and frames [10], including bases with matrix
dilations [11]. In particular in this way one can reproduce the p-adic quincunx basis described
in [136].
2.5 Summation of p-Adic Series
Since rational numbers may be treated with respect to ordinary and p-adic absolute values,
the power series
∑
an x
n with an ∈ Q can be considered as real (x ∈ R) as well as p-adic
(x ∈ Qp). Divergent series in the real case have usually good p-adic convergence, see [20] for
the anharmonic oscillator and [73] for some examples in quantum field theory. This is one
of the motivations to investigate summation of some p-adic series, especially when the sum
is a rational number for a rational argument. It is of a special interest when this rational
summation is p-adic invariant, i.e. when the sum does not depend on the primes p. There
are now many examples of the p-adic invariant rational summation with n! in the coefficients
of the series [71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83]. Recall that p-adic norm of n!
has the property
|n!|p = p−
n−sn
p−1 → 0 when n→∞ , (2.14)
where sn = n0 + n1 + ...+ nr is the sum of digits in the canonical expansion of number n in
base p, i.e. n = n0 + n1p+ ...+ nrp
r. As a simple illustrative example of the p-adic invariant
rational summation one can refer to
∞∑
n=1
n! n = 1! 1 + 2! 2 + ...+ n! n+ ... = −1 . (2.15)
In the proof of (2.15) one can take any of the following two properties:
(i) : n! n = (n+ 1)!− n! , (ii) :
N−1∑
n=1
n!n = −1 +N ! . (2.16)
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In the sequence of papers [74, 75, 76, 77, 78, 79, 81, 82, 83], main attention has been paid
to the summation of various versions of functional series of the form
Sεk(x) =
+∞∑
n=0
εnn!Pk(n;x)x
n , x ∈ Zp , (2.17)
where ε = ±1 , k ∈ N0 = N ∪ {0} and
Pk(n;x) = Ck(n)x
k + Ck−1(n)x
k−1 + · · · + C1(n)x+ C0(n) (2.18)
and Cj(n), 0 ≤ j ≤ k, are some polynomials in n with integer-valued coefficients depending
on the parameter ε. Note that series (2.17) is convergent when x ∈ Zp for every p and
consequently is convergent for all x ∈ Z. The main interest was to find a class of polynomials
Pk(n;x) which provide p-adic invariant rational summation, that is x ∈ Z implies Sεk(x) ∈ Z.
It has been successfully done in papers [81, 82, 83]. To solve this problem of the p-adic
invariant rational summation the following auxiliary summation was considered
n−1∑
i=0
εii! [ikxk + U εk(x)]x
i = V εk (x) + n!A
ε
k−1(n;x) , (2.19)
where U εk(x), V
ε
k (x), A
ε
k(n;x) are some polynomials in x of the degree k and the integer
coefficients. Note that polynomials Aεk(n;x) contain all information on invariant summation
of series (2.19) (see [81, 82, 83]), in particular holds
U εk(x) = xA
ε
k−1(1;x) − εAεk−1(0;x) , V εk (x) = −εAεk−1(0;x). (2.20)
Some sequences (see [81, 82, 83]) composed of Aεk(n;±1) and Aεk(n; 0) are related to a few
interesting integer sequences, including the the Bell numbers, presented in the Sloane on-line
encyclopedia [84].
It is also worth noting some other investigations related to the p-adic invariant rational
summation. In [71], adelic summation of the divergent series in the real case was introduced.
Some power series everywhere convergent on R and Qp are introduced and considered in [72],
see also [75]. Paper [78] contains a proof that the sum of the p-adic series
∞∑
n=0
n!nk xn , k ∈ N0 , x ∈ N \ {1} (2.21)
cannot be the same rational number in Zp for every p. It also contains conjecture that the
sum of series (2.21) is a rational number if and only if k = x = 1. Some differential equations,
whose solutions are p-adic power series with n!, are considered in [80].
3 Applications in Physics
3.1 Strings, Fields and Quantum Theory
p-Adic strings. p-Adic mathematical physics practically started by construction of p-adic
analogs of the Veneziano scattering amplitudes for scalar tachyon strings. Two kinds of the
scattering amplitudes were constructed: p-adic-valued and complex-valued. In the case of
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complex-valued amplitudes only the world sheet of strings is described by p-adic numbers,
while all other ingredients are real or complex, i.e.,
Ap(a, b) =
∫
Qp
|x|a−1p |1− x|b−1p dx =
1− pa−1
1− p−a
1− pb−1
1− p−b
1− pc−1
1− p−c , a+ b+ c = 1, (3.1)
and the product adelic formula A∞(a, b)
∏
pAp(a, b) = 1 holds. Mainly, this kind of p-adic
strings has been investigated and occurred to be very useful in mathematical physics.
Theory of p-adic strings was pushed forward by construction of related effective La-
grangian
Lp = m
D
g2
p2
p− 1
[
− 1
2
ϕp−
✷
2m2 ϕ+
1
p+ 1
ϕp+1
]
, (3.2)
where ϕ = ϕ(x) is a realvalued scalar field on the real Minkowski spacetime RD, m and g
are real parameters, and ✷ is d’Alambert operator. Lagrangian (3.2) reproduces four-point
amplitude (3.1) and also gives possibility to calculate any higher-point one at the tree level.
This Lagrangian stimulated further investigation of p-adic string theory, in particular the
corresponding equation of motion
p−
✷
2m2 ϕ(x) = ϕp(x) (3.3)
has been studied [313, 314, 315, 316, 317, 318]. The prime p can be replaced with any natural
number n ≥ 2 and expressions (3.2) and (3.3) still make sense.
On p-adic strings, see reviews [53, 308, 69] and references therein.
Quantization of the Riemann zeta-function. Quantization of the Riemann zeta-
function motivated by p-adic string theory was proposed by Aref’eva and Volovich in [25].
The Riemann zeta-function is treated as a symbol of a pseudodifferential operator and the
corresponding classical and quantum field theories are studied. It is shown that the La-
grangian for the zeta-function field is equivalent to the sum of the Klein-Gordon Lagrangians
with masses defined by the zeros of the Riemann zeta-function. Quantization of the mathe-
matics of Fermat-Wiles and the Langlands program is also indicated. Possible cosmological
applications of the zeta-function field theory are discussed.
The Riemann zeta-function is defined as
ζ(s) =
∞∑
n=1
1
ns
, s = σ + iτ, σ > 1 , (3.4)
and there is an Euler adelic representation
ζ(s) =
∏
p
(1− p−s)−1. (3.5)
The zeta-function admits an analytic continuation to the whole complex plane s except the
point s = 1 where it has a simple pole.
Due to the Riemann hypothesis on zeros of the zeta-function a very interesting operator
is the following pseudodifferential one,
ζ(
1
2
+ i✷) . (3.6)
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We call this operator the quantum zeta-function. Here ✷ is the d’Alembert operator. We also
consider quantization of the Riemann ξ-function and various L-functions. Euclidean version
of the quantum zeta-function is ζ(12 + i∆) where ∆ is the Laplace operator.
Under the assumption that the Riemann hypothesis is true it was shown that the La-
grangian for the zeta-function field is equivalent to the sum of the Klein-Gordon Lagrangians
with masses defined by the zeros of the Riemann zeta-function at the critical line. If the
Riemann hypothesis is not true then the mass spectrum of the field theory is different.
We can quantize not only the Riemann zeta-function but also more general L-functions.
Quantization of the mathematics of Fermat-Wiles [286] and the Langlands program [287] is
indicated.
One introduces the Riemann ξ-function
ξ(s) =
s(s− 1)
2
π−
s
2 Γ
(s
2
)
ζ(s). (3.7)
The Riemann hypothesis asserts that all nontrivial zeros ρ lie at the critical line: ρ =
1
2 + iτ . There is a conjecture that all zeros are simple.
The zeros of the ξ-function are the same as the nontrivial zeros of the ζ-function. It is
known that ξ(12 + iτ) is real for real τ and is bounded. Locating zeros on the critical line
of the (complex) zeta function reduces to locating zeros on the real line of the real function
ξ(12 + iτ).
Zeta-function classical field theory. If F (τ) is a function of a real variable τ then we
define a pseudodifferential operator F (✷) [288] by using the Fourier transform
F (✷)φ(x) =
∫
eixkF (k2)φ˜(k)dk . (3.8)
Here ✷ is the d’Alembert operator
✷ = − ∂
2
∂x20
+
∂2
∂x21
+ ...+
∂2
∂x2d−1
, (3.9)
φ(x) is a function from x ∈ Rd, φ˜(k) is the Fourier transform and k2 = k20 − k21 − ... − k2d−1.
One assumes that the integral (3.8) converges, see [313] for a consideration of one-dimensional
p-adic field equations.
One can introduce a natural field theory related to the real valued function F (τ) =
ξ(12 + iτ) defined by means of the zeta-function. We consider the following Lagrangian
L = φ ξ(1
2
+ i✷)φ . (3.10)
The integral
ξ(
1
2
+ i✷)φ(x) =
∫
eixk ξ(
1
2
+ ik2) φ˜(k)dk (3.11)
converges if φ(x) is a decreasing function since ξ(12 + iτ) is bounded.
The operator ξ(12 + i✷) (or ζ(
1
2 + i✷)) is the first quantization of the Riemann zeta-
function. Similarly one can define operators ζ(σ+ i✷) and ζ(σ+ i∆) where ∆ is the Laplace
operator. We will obtain the second quantization of the Riemann zeta-function when we
quantize the field φ(x).
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Let
ρn =
1
2
+ im2n, ρ¯n =
1
2
− im2n, mn > 0, n = 1, 2, ... (3.12)
be the zeros of the zeta-function at the critical line.
There is the following
Proposition. The Lagrangian (3.10) is equivalent to the following Lagrangian
L′ =
∑
ǫ,n
ηǫnψǫn(✷+ ǫm
2
n)ψǫn , (3.13)
where ǫ = ±1.
Therefore, the zeros m2n of the Riemann zeta-function become the masses of elementary
particles in the Klein-Gordon equation.
Zeta-function quantum field theory. To quantize the zeta-function classical field φ(x)
which satisfies the equation in the Minkowski space
F (✷)φ(x) = 0 , (3.14)
where F (✷) = ξ(12 + i✷) we can try to interpret φ(x) as an operator valued distribution in a
space H which satisfies the equation (3.14). We suppose that there is a representation of the
Poincare´ group and a vacuum vector |0〉 in H though the space H might be equipped with
indefinite metric and the Lorentz invariance can be violated. The Wightman function
W (x− y) = 〈0|φ(x)φ(y)|0〉
is a solution of the equation
F (✷)W (x) = 0 . (3.15)
By using Proposition one can write the formal Kallen-Lehmann [289] representation
W (x) =
∑
ǫn
∫
eixkfǫn(k)δ(k
2 + ǫm2n)dk .
A mathematical meaning of this formal expression requires a further investigation.
Quantization of the fields ψǫn with the Lagrangian (3.13) can be performed straightfor-
wardly. We will obtain ordinary scalar fields as well as ghosts and tachyons. Remind that
tachyon is present in the Veneziano amplitude. It was removed by using supersymmetry.
Now we discuss an approach how to use a Galois group and quantum L-functions instead of
supersymmetry to improve the spectrum.
Quantum L-functions and Langlands program. In this section we briefly discuss
L-functions and their quantization [25]. The role of (super)symmetry group here is played
by the Galois group, see [290, 307, 319].
For any character χ to modulus q one defines the corresponding Dirichlet L-function [291]
by setting
L(s, χ) =
∞∑
n=1
χ(n)
ns
, (σ > 1).
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If χ is primitive then L(s, χ) has an analytic continuation to the whole complex plane. One
introduces the function
ξ(s, χ) =
(π
k
)−(s+a)/2
Γ
(s
2
+
a
2
)
L(s, χ) ,
where k and a are some parameters. The zeros ρ lie in the critical strip and symmetrically
distributed about the critical line σ = 1/2. It is important to notice that unless χ is real
the zeros will not necessary be symmetric about the real line. Therefore if we quantize the
L-function by considering the pseudodifferential operator
L(
1
2
+ i✷, χ) ,
then we could avoid the appearance of tachyons and/or ghosts by choosing an appropriate
character χ.
The Taniyama-Shimura conjecture relates elliptic curves and modular forms. It asserts
that if E is an elliptic curve over Q, then there exists a weight-two cusp form f which can be
expressed as the Fourier series
f(z) =
∑
ane
2πnz
with the coefficients an depending on the curve E. Such a series is a modular form if and
only if its Mellin transform, i.e. the Dirichlet L-series
L(s, f) =
∑
ann
−s
has a holomorphic extension to the full s-plane and satisfies a functional equation. For the
elliptic curve E we obtain the L-series L(s,E). The Taniyama-Shimura conjecture was proved
by Wiles and Taylor for semistable elliptic curves and it implies Fermat‘s Last Theorem [286].
Let E be an elliptic curve defined over Q, and L(s) = LK(s,E) be the L-function of E
over the field K. The Birch and Swinnerton-Dyer conjecture asserts that
ords=1L(s) = r ,
where r is the rank of the group E(K) of points of E defined over K. The quantum L-function
in this case has the form
L(1 + i✷) = A(i✷)r + ...,
where the leading term is expressed in terms of the Tate-Shafarevich group.
Wiles‘s work can be viewed as establishing connections between the automorphic forms
and the representation theory of the adelic groups and the Galois representations. Therefore
it can be viewed as part of the Langlands program in number theory and the representation
theory [287] (for a recent consideration of the geometrical Langlands program see [292]).
Let G be the Galois group of a Galois extension of Q and α a representation of G in Cn.
There is the Artin L-function L(s, α) associated with α. Artin conjectured that L(s, α) is
entire, when α is irreducible, and moreover it is automorphic: there exists a modular form f
such that
L(s, α) = L(s, f) .
Langlands formulated the conjecture that L(s, α) is the L-function associated to an automor-
phic representation of GL(n,A), where A = R×∏′pQp is the ring of adeles of Q. Here Qp is
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the field of p-adic numbers. Let π be an automorphic cuspidal representation of GL(n,A),
then there is an L-function L(s, π) associated to π. Langlands conjecture (general reciprocity
law) states: Let K be a finite extension of Q with Galois group G and α be an irreducible
representation of G in Cn. Then there exists an automorphic cuspidal representation πα of
GL(n,AK) such that
L(s, α) = L(s, πα) .
Quantization of the L-function can be performed similarly to the quantization of the Riemann
zeta-function discussed above by considering the corresponding pseudodifferential operator
L(σ + i✷) with some σ.
One speculates that we can not observe the structure of spacetime at the Planck scale
but feel only its motive [319].
There is a conjecture that the zeros of L-functions are distributed like the eigenvalues of
large random matrices from a gaussian ensemble, see [293]. The limit of large matrices in
gauge theory (the master field) is derived in [27].
Zeta strings. Extension of Lagrangian for a single p-adic string (3.2) to a Lagrangian
for the whole p-adic sector was considered by Dragovich [85, 86, 87, 88, 89, 90, 91]. A few
interesting Lagrangians L were constructed in the following additive way:
L =
∞∑
n=1
Cn Ln = mD
∞∑
n=1
Cn
g2n
n2
n− 1
[
−1
2
φp−
✷
2m2 φ+
1
p+ 1
φp+1
]
, (3.16)
where concrete model for a new scalar field φ(x) depends on the choice of the coefficients Cn
and coupling constants gn. For each of the following coefficients Dn
Cn
g2n
n2
n− 1 = Dn , Dn = 1 , (−1)
n−1 , n+ 1 , (−1)n−1(n+ 1) , µ(n) , µ(n)(n+ 1) (3.17)
one obtains a particular Lagrangian (3.16) containing the Riemann zeta function and non-
polynomial potential V (φ) = −L(✷ = 0). In (3.17), µ(n) is the Mo¨bius function. For example,
taking Dn = (−1)n−1 and employing formula
∞∑
n=1
(−1)n−1 1
ns
= (1− 21−s) ζ(s) , s = σ + iτ , σ > 0 , (3.18)
which has analytic continuation on the entire complex s plane, one obtains Lagrangian
L = mD
[
−1
2
φ
(
1− 21− ✷2m2 ) ζ( ✷
2m2
)
φ + φ− 1
2
ln(1 + φ)2
]
(3.19)
Some basic properties of the obtained Lagrangians have been investigated. These field
theory models with the Riemann zeta function are also interesting in itself.
p-Adic fractal strings [129] and Dirac zeta functions [130] are also considered.
Quantum mechanics. There are a few p-adic analogs of ordinary quantum mechanics.
In Vladimirov-Volovich-Zelenov [311, 312] formulation, p-adic quantum mechanics is based
on the following triple {L2(Qp),W (x), U(t)}, where L2(Qp) is the Hilbert space of complex-
valued functions of p-adic space and time. W (z) is a unitary representation of the Heisenberg-
Weyl group in L2(Qp) and U(t) is a unitary evolution operator in L
2(Qp).
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Symplectic group and Heisenberg group in p-adic quantum mechanics are considered in
[308, 298]. An early review of the developments of p-adic quantum mechanics is presented in
[308], see also [69].
Adelic quantum mechanics was introduced by Dragovich in [97, 98], see also review [99].
Adelic quantum mechanics is a unification of ordinary and p-adic quantum mechanics for all
primes p. The corresponding probability amplitudes are treated by adelic path integral. It
was shown that probability amplitude for one-dimensional systems with quadratic Lagrangian
has the same form in p-adic and ordinary quantum mechanics, see [100, 101, 102]. In the case
of the adelic harmonic oscillator [97, 98], it was noted connection between some adelic states
and the functional equation for the Riemann zeta function. Decoherence in adelic quantum
mechanic is considered in [332].
p-Adic valued quantum mechanics was also considered, e. g., see [17] and references
therein.
Various aspects of p-adic quantum field theory are considered in many papers, see, e.g.
[308, 197, 198, 302]. A p-adic analog to AdS/CFT is investigated in [299, 300, 301], where an
unramified extension of the p-adic numbers replaces Euclidean space as the boundary and a
version of the Bruhat-Tits tree replaces the bulk.
3.2 p-Adic Gravity and Cosmology.
One can argue that at the very small (Planck) scale in cosmology and in black holes the
geometry of the spacetime should be non-Archimedean [320, 321]. There should be quantum
fluctuations not only of metrics and geometry but even of the number field. Therefore, it was
suggested [321] the following number field invariance principle: Fundamental physical laws
should be invariant under the change of the number field. Adelic approach to the universe
was emphasized by Manin [290].
An approach to the wave function of the universe was suggested in [21]. The key idea is
to take into account fluctuating number fields and present the wave function in the form of
an adelic product. For this purpose a p-adic generalization of both classical and quantum
gravitational theory was proposed. Elements of p-adic differential geometry are described.
The action and gravitation field equations over the p-adic number field are investigated. p-
Adic analogs of some known solutions to the Einstein equations are presented. It was shown
that the wave function for the de Sitter minisuperspace model can be treated in the form
of an adelic product of p-adic counterparts. It was argued that in quantum cosmology one
should consider summation only over algebraic manifolds.
In the path integral approach to standard quantum cosmology, the starting point is Feyn-
man’s path integral method, i.e. the amplitude to go from one state with intrinsic metric h′ij
and matter configuration φ′ on an initial hypersurface Σ′ to another state with metric h′′ij
and matter configuration φ′′ on a final hypersurface Σ′′ is given by a functional integral
〈h′′ij , φ′′,Σ′′|h′ij , φ′,Σ′〉∞ =
∫
D(gµν)∞D(Φ)∞χ∞(−S∞[gµν ,Φ]) (3.20)
over all four-geometries gµν and matter configurations Φ, which interpolate between the
initial and final configurations. In this expression S[gµν ,Φ] is an Einstein-Hilbert action for
the gravitational and matter fields. This action can be calculated using metric in the standard
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3+1 decomposition
ds2 = gµνdx
µdxν = −(N2 −NiN i)dt2 + 2Nidxidt+ hijdxidxj , (3.21)
where N and Ni are the lapse and shift functions, respectively.
To perform p-adic and adelic generalization we first make p-adic counterpart of the action
using form-invariance under change of real to the p-adic number fields. Then we generalize
(3.20) and introduce p-adic complex-valued cosmological amplitude
〈h′′ij , φ′′,Σ′′|h′ij , φ′,Σ′〉p =
∫
D(gµν)pD(Φ)pχp(−Sp[gµν ,Φ]), (3.22)
where gµν(x) and Φ(x) are the corresponding p-adic counterparts of metric and matter fields
continually connecting their values on Σ′ and Σ′′. In its general aspects p-adic functional
integral (3.22) mimics the usual Feynman path integral. The definite integral in the classical
action is understood as the usual difference of the indefinite one at final and initial points.
The measures D(gµν)p and D(Φ)p are related to the real-valued Haar measure on p-adic
spaces.
Note that in (3.20) and (3.22) one has to take also a sum over manifolds which have Σ′′
and Σ′ as their boundaries. Since the problem of topological classification of four-manifolds
is algorithmically unsolvable it was proposed that summation should be taken over algebraic
manifolds.
Investigation of p-adic gravity and adelic cosmology was initiated in paper [21]. Adelic
quantum cosmology, as application of adelic quantum mechanics to minisuperspace cosmo-
logical models, was initiated by Dragovich [93] and has been considered in several papers,
see, e.g. [94, 65, 64, 66, 67, 68]. As a result of p-adic effects and adelic approach to the wave
function of the universe one obtains that spacetime exhibits discreteness at the Planck scale.
Cosmological applications to the dark eergy, motivated by non-local p-adic effective ac-
tions and string field theory are considered in [22, 313, 54, 23, 24, 25, 256]. Inspired by
Lagrangian (3.2), p-adic origin of the dark matter and dark energy was considered in [95, 96].
It was also considered p-adic inflation in [40].
Nonlocality of p-adic string theory and string field theory was one of the motivations
to consider nonlocal gravity models with cosmological solutions (see [60, 61, 62, 63] and
references therein), given by the modified Einstein-Hilbert action in the form
S =
∫ (R− 2Λ
16πG
+H(R)F(✷)G(R)
)√−g d4x, (3.23)
where H(R)F(✷)G(R) is a nonlocal term with F(✷) =
∞∑
n=0
fn✷
n as an analytic function of
the d’Alembert operator ✷.H(R) and G(R) are differentiable functions of the scalar curvature
R and Λ is the cosmological constant.
A discrete stochastic model of eternal inflation based on p-adic numbers is proposed in
[294]. A connection with the late-time statistical distribution of bubble-universes in the
multiverse is discussed.
Algebraic geometric models in cosmology related to the ”boundaries” of spacetime: Big
Bang, Mixmaster Universe, Penrose’s crossovers between aeons are introduced in [295]. It is
suggested to model the kinematics of Big Bang using the algebraic geometric (or analytic)
blow up of a point. Symbolic dynamics, modular curves, and Bianchi IX cosmologies are
considered in [296, 297].
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3.3 p-Adic Stochastic Processes
The p-adic diffusion (heat) equation
∂f(x, t)
∂t
+Dαxf(x, t) = 0,
where f(x, t) is a real valued function, t (time) is real coordinate and x is p-adic, Dαx is
the Vladimirov fractional operator, was suggested in [308]. Mathematical properties of the
corresponding stochastic processes were studied (see also [126, 168, 122, 306]).
p-Adic Brownian motion is a real or complex valued stochastic process of p-adic argument
t, defined by the stochastic pseudodifferential equation
Dαt f(t) = φ(t),
where φ is the white noise (delta-correlated gaussian mean zero generalized stochastic pro-
cess). This stochastic process was explored in [43, 44, 132, 141, 142] (in particular, ultrametric
analogue of the Markov property was discussed), see also [112].
Various classes of p-adic stochastic processes are investigated by Albeverio and Karwowski
[3], Kochubei [163], Yasuda [328], Albeverio and Belopolskaya [4]; see [163, 133, 341, 342] for
further references. Kaneko [134] showed a relationship between Besov space and potential
space. For recent developments on p-adic stochastic processes see [135, 125, 121, 329].
p-Adic models of statistical mechanics on the Cayley tree are studied in [206, 207].
3.4 Qp-Valued Random Processes
A number of articles are devoted to Qp-valued random processes or random processes with
p-adic parameter (see, for example, [247, 43, 248, 249, 163]). The results discussed below
have been published in [330, 331].
Let us consider a system with p-adic parameter. Models of spin glasses ([250, 251, 28])
and protein dynamics ([30, 35, 31]) can be considered as related examples.
For an ensemble of p-adic systems the following natural questions arise. What is the
equilibrium state of the ensemble? In what sense one should understand deviation of the
state from equilibrium one and how fast the system converges to the equilibrium?
In order to answer the above questions, the distribution of sum of the independent and
identically distributed (iid ) p-adic-valued random variables was analyzed.
Under some natural assumptions on the support of distribution of a random variable the
distribution of sum of the iid variables tends to the uniform one (Haar measure) on the
support of the initial distribution. The result is well known in the framework of random
walks on compact groups ([252]). The initial distribution is naturally considered as close to
the equilibrium one if convex hull of its support contains zero point. If it is the case, then
the distribution of sum of the iid variables converges to the uniform one. Otherwise there
exist limits for some subsequences only. The result is known also for more general situation
in the framework of p-adic valued U-statistic theory ([253]).
The most interesting question, namely the rate of convergence of non-equilibrium distribu-
tions to the equilibrium one, is managed to obtain only for absolutely continuous distribution
with locally constant density.
Let {ξn, n = 1, 2, . . . } be a sequence of iid random variables with values in a disk of
radius D. The variables are absolutely continuous and their densities pξ are locally constant
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with parameter ∆. Let pSn , n = 1, 2, . . . denotes the density of probability distribution of
random variable Sn = ξ1+ ξ2+ · · ·+ ξn, n = 1, 2, . . . . Then the following estimation is valid:
sup
x∈Qp
∣∣∣∣pSn(x)− 1Dh(0,D)(x)
∣∣∣∣
p
≤
(
D
∆
− 1
)
e−λξn.
Here real number λξ depends only on pξ and satisfies the inequality
λξ ≥ 1
3
(
∆
D
)3
.
The problem considered is closely related to random walks on cyclic groups ([252]) and on
profinite (commutative or noncomutative) groups ([254, 255]).
Let us define a random variable ξt for any t ∈ Zp, i. e. the family of random variables is
indexed by p-adic integers {ξt, t ∈ Zp}. The function X(t, ω), t ∈ Zp, ω ∈ Zp coincides with
random variable ξt for any t ∈ Zp, X(t, ω) = ξt(ω). The function X(t, ω) is said to be the
p-adic random process.
For arbitrary p-adic numbers a, b the symbol [a, b] denotes minimal disk Qp which contains
a, b. We use notation a < c < b for c ∈ [a, b], c 6= a, c 6= b. Random process has independent
increments iff for any finite sets {0 = t0, t1, . . . , tn} of p-adic integers, t0 < t1 < · · · < tn ran-
dom variables X(t0, ·), X(t1, ·)−X(t0, ·), . . . , X(tn, ·)−X(tn−1, ·) are mutually independent.
p-Adic random process W (t, ·) =Wt, t ∈ Zp is said to be (p-adic) Wiener random process
if it satisfies the following properties:
• W0 = 0 almost surely;
• Wt has independent increments;
• Wt −Ws are absolutely continuous with densities 1|t−s|ph (0, |t− s|p).
Let ξn(ω), n ∈ Z+, ω ∈ Zp be a sequence of iid absolutely continuous random variables
with constant densities on Zp. Then the series
W (ω, t) =
∞∑
n=0
ξn(ω) γn en(t) (3.24)
converges for any t ∈ Zp almost surely and defines the p-adic Wiener process. Almost surely,
a sample path of p-adic Wiener process is 1-Lipschitz function and is nowhere differentiable.
p-Adic Wiener process can be considered as random variable {W (t), t ∈ Zp} with values
in the space of continuous functions C (Zp → Qp). Distributions of this random variable is
said to be p-adic Wiener measure µW .
Let L0 denotes the set of 1-Lipschits functions with Lipschits constants equal 1 and are
equal to zero at zero point. L0 is compact Zp-modul in the space of continuous functions.
Support of p-adic Wiener measure coincides with L0. p-Adic Wiener measure under restriction
on L0 coincides with Haar measure on L0.
In the paper [249] the last statement is considered as definition of p-adic Wiener process.
It is closely related to the theory of Qp-Gaussian random variables developed in [249].
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3.5 Disordered Systems and Spin Glasses
Spin glasses (disordered magnetics) are examples of disordered systems, see [196, 224, 115,
46] for the discussion of statistical mechanics of disordered systems. Glass transition for
disordered systems is described by the replica symmetry breaking approach. The order
parameter for replica symmetry breaking is given by the Parisi matrix – some hierarchical
block matrix. It was found that [196] the structure of correlation functions for spin glasses
are related to ultrametricity.
It was shown (Avetisov, Bikulov, Kozyrev [28] and Parisi, Sourlas [219]) that the Parisi
matrix possesses the p-adic parametrization. Matrix elements of this matrix after some
natural enumeration of the indices takes the form of some real valued function of the p-adic
norm of difference of indices
Qab = q(|a− b|p). (3.25)
This allows to express correlation functions of spin glasses in the state with broken replica
symmetry in the form of p-adic integrals [219].
Relation of the p-adic Fourier transform to replica symmetry breaking was discussed in
[56, 59]. More general replica solutions related to general locally compact ultrametric spaces
were obtained [152, 153, 154], in this approach the Parisi matrix takes the form
Qab = q(sup(a, b)), (3.26)
where the indices are enumerated by some ultrametric space and sup(a, b) is the minimal ball
containing a, b (i.e. matrix elements are generated by a real valued function on the tree of
balls in some ultrametric space).
The p-adic Potts model was considered in [201, 155, 202, 203, 204, 205, 119]. Ultrametric-
ity in spin glasses can be discussed as a result of branching process in multidimensional space,
see for mathematical discussion [214, 29, 333]. Ultrametricity index in spaces of high dimen-
sion was discussed in [52].
3.6 Some Other Applications
We mention here only a few of the other applications of p-adic methods in physics. Some
other applications can be found in the previous reviews [53, 308, 69].
Nonlinear equations and cascade models of turbulence. It is easy to see that the
wavelet (2.2) satisfies
|ψ(x)|2ψ(x) = ψ(x).
This property can be applied to construct solutions of non-linear equations, in particular,
the analogue of the non-linear Schroedinger equation [171, 14].
An analog of this trick was used to construct solutions of nonlinear ultrametric integral
equation [177] which models Richardson energy-cascading process in developed turbulence.
p-Adic model of developed turbulence was introduced earlier by Fischenko and Zelenov [114]
(but for their model the mentioned above trick is not applicable).
Non-Newtionian mechanics. Based on the assertion that Newton‘s equations of mo-
tions use real numbers while one can observe only rationals, a “functional” formulation of
classical mechanics was suggested [322, 323, 324, 325, 326]. The fundamental equation of the
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microscopic dynamics in the functional approach is not the Newton equation but the Liouville
equation for the distribution function of the single particle or the Fokker-Planck-Kolmogorov
equation. The Newton equation in this approach appears as an approximate equation de-
scribing the dynamics of the average values of the position and momenta for not too long
time intervals. Corrections to the Newton trajectories are computed. An interpretation of
quantum mechanics is attempted in which both classical and quantum mechanics contain
fundamental randomness. Instead of an ensemble of events one introduces an ensemble of
observers.
Review of p-adic dynamical systems is presented in [69]. An adelic approach to dynamical
systems is considered in [103].
Some aspects of quantum statistical mechanical systems are considered in [191, 192]. On
KMS weights on higher rank buildings, see [193].
4 Applications in Biology
4.1 Applications to Proteins and Genomes
Approximation of the space of states of a complex system by ultrametric space was proposed
in theory of spin glasses and was used in biology starting from 1980-ies [220]. In particular
it was proposed (H. Frauenfelder, see [19, 116, 117, 303]) to consider a hierarchy of states of
protein molecules. In [47] the dynamics of polypeptides was modeled and it was shown that
it can be approximated by a hierarchy of transitions between the energy minima described
by the so called disconnectivity graph.
Models of ultrametric random walk were investigated, in particular in [218, 123, 48].
These earlier works were confronted with difficulties in description of different regimes in the
protein dynamics, for instance in application to the experiments on ligand-rebinding kinetics
of myoglobin and spectral diffusion in deeply frozen proteins.
Application of model of ultrametric diffusion generated by the Vladimirov operator to
investigation of the protein dynamics was proposed in [28, 30]. It was shown that p-adic
diffusion equation introduced in [308] offers an accurate and universal description of the
protein fluctuation dynamics on extremely large range of scales from cryogenic up to room
temperatures:
∂f(x, t)
∂t
+Dαxf(x, t) = 0, α ∼
1
T
. (4.1)
Here t is the real time and the p-adic coordinate x describes the “tree of basins” which
corresponds to the conformational state of the protein, T is the temperature. This equation
was used to describe two drastically different types of experiments – on rebinding of CO to
myoglobin and spectral diffusion of proteins.
Applicability of this special p-adic diffusion equation to protein dynamics shows that the
protein energy landscape exhibits the hierarchical self-similarity (which can be represented
as scaling in the kernel of the Vladimirov fractional operator).
Further results on application of p-adic diffusion to proteins were obtained in [31, 32, 33,
35, 36, 37]. In [182] a general diffusion on energy landscape in the Arrhenius approximation
was considered (in this approximation the dynamics on the energy landscape is approximated
by transitions between the energy minima). It was shown that in this case the dynamics is
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described by ultrametric diffusion equation with drift of the form
∂
∂t
f(x, t) +
∫
X
e−βE(sup(x,y))
ν(sup(x, y))
[
eβE(x)f(x, t)− eβE(y)f(y, t)
]
dν(y) = 0, (4.2)
where x enumerates local energy minima, ultrametric space X describes the ”tree of basins”
for the energy landscape (x ∈ X are energy minima, the distance measures the transition
barriers between the minima); sup(x, y) is the minimal ball in X containing x and y; E(x)
is the energy of minimum x; ν(y) measures the entropy of vicinity of energy minimum y;
E(sup(x, y)) is the energy of the Arrhenius transition state between x and y and ν(sup(x, y))
is the entropy of this transition state. The multipliers eβE(x), eβE(y) are drift terms, if
these terms are constant (i.e. all local minima have the same energy) the diffusion generator
becomes ultrametric pseudodifferential operator. Equation (4.2) generalizes (4.1) for the case
of general energy landscape.
In [38, 156] systems of p-adic integral equations for models of molecular motors were
discussed. A construction of molecular machines as crumpled hierarchical polymer globules
was discussed in [39]. In this approach the dynamics of blocks of the molecular machine is
described by a system of equations controlled by a hierarchical block matrix similar to (3.25)
or (3.26).
In [215, 216] an approach for description of hierarchical structure of proteins was proposed.
It was shown that the domain structure of proteins is one of the levels of the described
hierarchy. In [183] this approach was generalized as a model which unifies the fragment
approach to proteins (construction of protein conformations as sequences of conformations of
short fragments, see [305, 225, 226]) and the method of statistical potentials.
A model of biological evolution based on p-adic diffusion equation has been proposed in
[34]. A model of gene duplication when genome is considered as a probabilistic algorithm
was considered in [157].
Genome organization. For the structure of chromatin (organization of DNA in living
cells) the structure of crumpled globule was discussed [227]. This structure is characterized by
absence of entanglement of polymer chains, which is of particular importance for functioning
of the genome. One of the tricks to avoid entanglement is the ring topology for polymers
[228, 229].
Another trick is the hierarchical organization of polymer globule similar to known exam-
ples of Peano curves (space filling curves) [39]. This hierarchical organization was observed
experimentally [230, 231]. The chromatin is organized in a hierarchy of levels of folding, some
of levels include ring structures, this hierarchy is related to regulation of gene expression.
4.2 p-Adic Genetic Code and Bioinformation
Another very important application of p-adic numbers is successful modeling of the genetic
code, initiated by B. Dragovich and A. Dragovich [104], A. Khrennikov [158], and A. Khren-
nikov and S. Kozyrev [159].
Biologically, the genetic code is a connection between codons as building blocks of the
genes and the amino acids which are basic elements of the proteins. From mathematical
point of view, the genetic code is a mapping from a set of 64 elements (codons) into a set of
21 elements (20 amino acids and one stop signal). Since there are more codons than amino
acids, there is degeneration of the genetic code, i.e. a few codons code the same amino acid.
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There is an estimation that theoretically may be more than 1084 possible maps, but in the
living cells there are only dozens of genetic codes. The problem of modeling of the genetic
code consists in finding an adequate mathematical description of the existing genetic codes.
According to the B. Dragovich approach [104, 105, 106, 107, 108, 109, 110], when two
codes code the same amino acid then they are close in the information sense which can be
described by the p-adic distance, in particular by using together both p = 5 and p = 2. The
codons are numbered by the three-digit numbers in the base p = 5, where nucleotides are
identified with digits as follows: C = 1, A = 2, T = U = 3, G = 4. So, there is one-to-one
correspondence between codons and numbers c0 + c1 5 + c2 5
2 ≡ c0c1c2, where ci = 1, 2, 3, 4.
The vertebrate mitochondrial code is very simple code and it is presented in Tab. 1. Using p-
adic distances between codons, it was shown that degeneration of the vertebral mitochondrial
code has p-adic structure, and all other codes can be regarded as slight modifications of this
one.
It is also shown that:
• between codons and amino acids can be introduced p-adic distance [109],
• not only codons but also protein amino acids make an utrametric space [109, 110],
• both codons and amino acids are some p-adic ultrametric networks [110],
• the genetic code connects two ultrametric networks to one larger network of 85 elements
[107].
It is also introduced [109] the p-adic modified Hamming distance suitable for applications
in investigation of informational similarity between sequences which elements are codons,
nucleotides or amino acids. For conjecture on possible evolution of the genetic code, see
[106, 107].
The following 2-dimensional 2-adic model of the genetic (amino acid) code was proposed
in [159]. It was shown that, if we consider the following 2-dimensional parametrization of the
nucleotides
A G
U C
=
00 01
10 11
this gives a natural 2-dimensional parametrization of the set of codons (the 2-adic plane).
With this enumeration the degeneracy of the amino acid code is equivalent to local constancy
of the map on the 2-adic plane. The following table of amino acids on the 2-adic plane of
codons was obtained:
Lys
Asn
Glu
Asp
Ter
Ser
Gly
Ter
Tyr
Gln
His
Trp
Cys
Arg
Met
Ile
Val Thr Ala
Leu
Phe
Leu Ser Pro
Further properties of this 2-adic 2-dimensional parametrization were investigated [160,
184, 161, 162] (relation to the Rumer symmetry, to PAM and BLOSUM matrices, to the
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Table 1: The vertebrate mitochondrial code with p-adic structure [110]. 5-Adic distance
between codons is: 125 inside quadruplets,
1
5 between different quadruplets in the same column,
1 otherwise. Each quadruplet can be viewed as two doublets with respect to the 2-adic
distance between codons equal 12 . Every doublet codes one amino acid or stop signal (Ter).
111 CCC Pro 211 ACC Thr 311 UCC Ser 411 GCC Ala
112 CCA Pro 212 ACA Thr 312 UCA Ser 412 GCA Ala
113 CCU Pro 213 ACU Thr 313 UCU Ser 413 GCU Ala
114 CCG Pro 214 ACG Thr 314 UCG Ser 414 GCG Ala
121 CAC His 221 AAC Asn 321 UAC Tyr 421 GAC Asp
122 CAA Gln 222 AAA Lys 322 UAA Ter 422 GAA Glu
123 CAU His 223 AAU Asn 323 UAU Tyr 423 GAU Asp
124 CAG Gln 224 AAG Lys 324 UAG Ter 424 GAG Glu
131 CUC Leu 231 AUC Ile 331 UUC Phe 431 GUC Val
132 CUA Leu 232 AUA Met 332 UUA Leu 432 GUA Val
133 CUU Leu 233 AUU Ile 333 UUU Phe 433 GUU Val
134 CUG Leu 234 AUG Met 334 UUG Leu 434 GUG Val
141 CGC Arg 241 AGC Ser 341 UGC Cys 441 GGC Gly
142 CGA Arg 242 AGA Ter 342 UGA Trp 442 GGA Gly
143 CGU Arg 243 AGU Ser 343 UGU Cys 443 GGU Gly
144 CGG Arg 244 AGG Ter 344 UGG Trp 444 GGG Gly
energy of binding of codons, etc.). This parametrization can be considered as an example of
multidimensional hierarchy, see subsection 5.1.
4.3 p-Adic Models of Cognition
Applications of p-adic and more generally ultrametric spaces to mathematical modeling of
cognition and psychology have quite long history, with the pioneer papers [266]. The basics of
the p-adic model of cognition were presented in monograph [267]; applications to psychology,
including p-adic modeling of unconscious mind (with applications to Freud’s psychoanalysis
and treatment of depressions) were summarized in another monograph [268]. The starting
point is observation that cognition is based on the hierarchic representation of information.
Hierarchy can be typically represented by using tree-like structures. Such structures can be
formalized by using ultrametric spaces. The p-adic trees are the simplest trees and X = Zp
is one of the simplest ultrametric spaces. Therefore it is natural to use it as the configuration
space of cognition, a mental space. In this model basic mental states are represented as points
of X (branches of the p-adic tree). One of the advantages of operating with p-adic mental
space is that it can be endowed with the algebraic structure which can be used as the basis
of analysis (the p-adic analysis). This analysis is used to model information processing in the
mental space. This model provides the possibility to encode cognitive hierarchy in topology.
Thus the p-adic analysis plays the role of machinery for analyzing hierarchic information.
Real mental states are represented by finite branches and, hence, by natural numbers. The
collection of real mental states represented by the set of natural numbers N is embedded in
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the complete mental space represented by the ring of p-adic integers Zp. Processing of mental
states by the brain is mathematically modeled with the aid of p-adic dynamical systems. The
split of cognition into subconsciousness and consciousness plays the basic role in this model of
dynamical thinking. Powerful p-adic dynamical systems work in subconsciousness and we are
not able to inspect consciously their iterations. Only attractors (and more generally) cycles
of these dynamical systems (unconscious information processors) are reported to conscious
and then analyzed by the latter [266, 267].
The recent development of p-adic and ultrametric modeling of cognition is represented in
the works of G. Iurato, A. Khrennikov, and F. Murtagh [269, 270, 271, 274]. In [272, 273, 274]
there was explored the p-adic generalization of theory of hysteresis dynamics: conscious
states are generated as the result of integrating of unconscious memories. One of the main
mathematical consequences of our model is that trees representing unconscious and conscious
mental states have to have different structures of branching. In [272, 273, 274] there were
done two new steps: a) the use of hysteresis model in the unconscious-conscious framework;
b) p-adic mathematical formalization of the hierarchic hysteresis. In [269, 270, 271] the
ultrametric model of cognition was used for a few important applications, e.g., text content
analysis and search and discovery, to narrative and to thinking as well as to the mathematical
representation of Matte Blanco’s bi-logic. Finally, we point to paper of Khrennikov and
Kotovich [275] about ultrametric modeling of unconscious creativity
5 Other Applications
5.1 Data Mining
One of the most promising applications of hierarchical methods is to deep learning [232, 233].
Another well known approach in data mining is clustering, which can be considered as a
hierarchical organization of data using some metric on data, see for example [212, 213, 234].
Hierarchical classification of data using ”tree of life” was extensively used in biology starting
from the 18-th century [235].
Hierarchy is a natural feature in ultrametric spaces which mathematically can be expressed
as a duality between ultrametric spaces and trees of balls in these spaces [236, 171]. In the
p-adic case there exists also multidimensional hierarchy which is described by the Bruhat-Tits
buildings [237, 238].
In computer science clustering with respect to a family of metrics results in a network
of clusters (this network is not necessarily a tree) [239, 240]. This network of clusters is
obtained by combining cluster trees with respect to different metrics, where two trees are
glued together by vertices (clusters) which coincide as sets. This approach is referred to as
multi-clustering, or multiple clustering, or ensemble clustering. One of possible applications
of this approach is to phylogenetic networks needed for description of hybridization and
horizontal gene transfer in biological evolution [243]. For the discussion of mathematical
methods used in investigation of phylogenetic networks see [241, 242].
It was found that network of cluster can be considered as a simplicial complex which
in the case of family of metrics on multidimensional p-adic spaces is directly related to the
Bruhat–Tits buildings [185, 16, 186, 170]. The example of multiclustering, or multidimen-
sional hierarchy on the set of three points can seen on the figure (see also review [170]).
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For some other applications of p-adic, hierarchical and wavelet methods in data analysis
and related fields see [245, 246, 45, 111, 244, 208, 209, 210, 211].
p-Adic methods were applied to classification problems in [49] and to computer vision
problems in [50, 51].
5.2 Cryptography and Information Security
The possibility to use p-adic analysis and theory of p-adic dynamical systems in cryptography
was explored in a series of papers of V. Anashin, see, e.g., [256, 257, 258]. His studies were
continued in a series of joint works with A. Khrennikov and E. Yurova [18, 260, 259, 261, 262].
The starting point of this approach is that the set of natural numbers N can be considered as
a subset of the ring of p-adic integers Zp. Thus any data-set in the form of natural numbers
can be embedded into Zp and, hence, it can be analyzed by using the p-adic analysis. This is
the main feature of p-adics explored in cryptography and information security: the possibility
to treat discrete data in the continuous framework, but continuous from the p-adic viewpoint.
In applications we typically use 2-adic numbers. Then ergodic and more generally measure-
preserving p-adic dynamical systems are explored to encrypt information.
The main mathematical achievement behind this approach is the possibility to formu-
late in practically realizable terms criteria of ergodicity and measure preserving of p-adic
dynamical systems. The first steps in this direction were done by V. Anashin and later
new results were received by A. Khrennikov and E. Yurova (including joint works with V.
Anashin) [258, 18, 260, 259, 261, 262]. Two types of such criteria are based on two special
representations of maps f : Zp → Zp. One representation is through expansion of f into
the van der Put series [260] and another representation is based on the coordinate functions
associated with the p-adic expansion of the number y = f(x), see [262].
Recently A. Khrennikov and E. Yurova found that p-adic analysis can be used as the
mathematical basis for cloud computing [263]. Cloud computing is a type of Internet-based
computing that provides shared computer processing resources and data to computers and
other devices on demand. It is a model for enabling ubiquitous, on-demand access to a
shared pool of configurable computing resources (e.g., computer networks, servers, storage,
applications and services), see [264, 265].
In [263] a description of homomorphic and fully homomorphic cryptographic primitives
in the p-adic model was considered. This model describes a wide class of ciphers (including
substitution ciphers, substitution ciphers streaming, keystream ciphers in the alphabet of p
elements), but certainly not all. Homomorphic and fully homomorphic ciphers are used to
ensure the credibility of remote computing, including cloud technology. Within considered
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p-adic model there were described all homomorphic cryptographic primitives with respect to
arithmetic and coordinate-wise logical operations in the ring of p-adic integers Zp. It was
shown that there are no fully homomorphic cryptographic primitives for each pair of the
considered set of arithmetic and coordinate-wise logical operations on Zp. The problem of
constructing a fully homomorphic cryptographic primitives was formulated as follows.
Consider a homomorphic cryptographic primitives with respect to operation “∗” on Zp.
Then, it is possible to describe the complete set of operations “G”, for which the cryptographic
primitives are homomorphic. As a result, a fully homomorphic cryptographic primitives with
respect to the operations “∗” and “G” can be constructed. There was proposed the descrip-
tion of the set of all operations “G”, for which fully homomorphic cryptographic primitives
with respect to the operations “+” and “G” can be constructed from the homomorphic cryp-
tographic primitive based on the operation “+”. Examples of such “new operations” were
presented. Of course, this work is just the first step towards creation of p-adics based cloud
computing. Here the expectations are very high. But the problem is extremely difficult both
mathematically and methodologically.
5.3 Application of p-Adic Analysis to Geology
The cooperation between the research groups of K. Oleschko (applied geophysics and petroleum
research) and A. Khrennikov (p-adic mathematical physics) lead to the creation of a new
promising field of research [142, 276, 277]: p-adic and more generally ultrametric modeling
of dynamics of flows (of, e.g., water, oil, oil-in-water and water-in-oil droplets) in capillary
networks in porous random media. The starting point of this project is the observation that
tree-like capillary networks are very common geological structures. Fluids move through such
trees of capillaries and, hence, it is natural to try to reduce the configuration space to these
tree-like structures and the adequate mathematical model of such a configuration space is
given by an ultrametric space. The simplest tree-like structure of a capillary network can be
modeled as the ring of p-adic integers Zp.
Consider the variable x belonging to the field of p-adic numbers (or the ring of p-adic
integers) and the real time variable t. Here x is the “pore network coordinate”, each pathway
of pore capillaries is encoded by a branch of the p-adic tree. The center of this tree is selected
as an arbitrary branching point of the pore network; for a moment, it plays the role of the
center of the coordinate, i.e., this is a purely mathematical entity; we do not assign any
geological meaning to such a center. Thus by assigning the p-adic number x to a system we
know in which pathway of capillaries it is located; nothing more. Hence, the p-adic model
provides a fuzzy description of pore networks. In particular, the size of capillaries is not
included in geometry. It can be introduced into the model with the aid of the coefficients
of the anomalous diffusion-reaction equation playing the role of the master equation. From
the dynamics, we get to know concentration of fluid (oil, water or emulsions and droplets)
in capillaries. (Recall that the dynamics are probabilistic.) However, we cannot get to know
the concentration of fluid in the precisely fixed point of the Euclidean physical space.
This modeling heavily explores theory of p-adic pseudodifferential equations, equations
with fractional differential operators Dα (Vladimirov’s operators), see, e.g. [163, 175, 176,
1, 143, 172, 140, 173, 174]. In particular, to find solutions of p-adic master equations of the
diffusion type one uses theory of p-adic wavelets established by S. Kozyrev [175, 176], see
[1, 143, 172] for its further development.
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In spite of its mathematical beauty, the p-adic model does not reflect completely the
complex branching structure of trees of capillaries in random porous media. Therefore the
use of general ultrametric spaces is very important for concrete geological applications. Here is
used theory of ultrametric wavelets and pseudodifferential operators which was established by
Kozyrev and Khrennikov [140, 173, 174]. For a moment, this theory is about linear equations.
However, the real equations describing geological flows are nonlinear both in the Euclidean
[280, 281, 282] and ultramentric models [279]. There can be mentioned only a few works about
existence of a solution of ultrametric pseudo-differential equations [140, 173, 174]. Geological
studies strongly stimulate development of theory of non-linear ultrametric pseudodifferential
equations [285].
5.4 Some Other Investigations
Let us also mention some other p-adic subjects.
A brief review of Qp-valued probability is presented in [69]. p-Adic probability logics was
considered and its overview is presented in [124]. For a brief review of m-adic representation
of images, see [69]. For possible applications of p-adic analysis in econometrics, see e.g. [111]
and references therein.
See Manin’s paper on numbers as functions [189] and on the Painleve VI equations in
p-adic time [190]. p-Adic knot invariants are discussed in [200].
6 Concluding Remarks
During the past thirty years of p-adic mathematcal physics, a lot has been done in invention of
methods, their developments and applications. In particular, the following methods have been
introduced and well developed: the Vladimirov operator of p-adic fractional differentiation,
various aspects of p-adic wavelets, analysis on general ultrametric spaces, and summation of
p-adic series.
Applications in physics have been mainly related to: p-adic strings and models with the
Riemann zeta function, p-adic and adelic quantum mechanics, p-adic classical and quantum
field theory, p-adic gravity and cosmology, p-adic stochastic processes, disordered systems
and spin glasses, p-adic dynamical systems, and some p-adic valued models.
Applications in biology have been mainly devoted to investigations of the genetic code,
dynamics and structure of proteins, and the hierarchical organization of polymer globules.
The obtained results are in satisfactory agreement with experimental data. A lot of work
was also done towards p-adic modeling of the cognition.
Among other applications, there should be pointed developments in data mining, cryp-
tography and information security, and also attempts to p-adic modeling of flow dynamics in
geology.
Concluding, in this paper we have presented a brief review of the recent main developments
in p-adic mathematical physics and related topics. In particular, attention has been paid to
achievements during last decade and to those topics which are expecting to be prospective in
the near future. Some topics which are well presented in the previous reviews [53, 308, 69],
are not much discussed in this article. To go into details we provide an extensive list of
references (which is not the complete one).
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